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New oscillation theorems for the damped differential equation 
x’“‘(t) +q(~).f(x[g(t)]) h(.x’“-“[o(r)]) =O, n is even, 
and the damped forced differential equation 
.~‘n”(~)+~(~).f(-~l~(~)l) 4x’” “C4~)1)=41). n is even, 
are established. This is done by reducing the above equations into inequalities of 
first order. Conditions on ,fi of the form j,a du/f(u)h(u)< CD or f(x) h(x)/22 
y > 0 for x # 0, where a is the ratio of two positive odd integers with 0 <a < 1, are 
required in some of our results. The function e plays an important role as a 
retarded argument, while no restriction is imposed on the function g. ‘?J 1988 
Academic Press, Inc 
1. INTRODUCTION 
The objective of this paper is to investigate the oscillatory behavior of 
solutions of the nth order damped differential equations of the form 
X’“‘(t)+q(t)f(X[g(t)])h(x(“~-‘) Cdt)l) = 0, n is even, (1) 
and the oscillatory and asymptotic behavior of solutions of the nth order 
damped-forced differential equations of the form 
x’“‘(t)+q(f)f(xCg(t)l)h(x’“~“Ca(t)l)=e(t), n is even. (11) 
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The qualitative properties of the differential equation 
i(t) + s(t)f(x(t)) W(f)) = 0 ( ‘=d/dt) 
and/or related equations have been studied by Burton and Grimmer [ 11, 
Grace and Lalli [2], Graef and Spikes [6], Lalli [IO], and Wong and 
Burton [14]. The oscillatory behaviour of solutions of the higher order 
damped equations of the form 
x’“‘(t)+p(t) Ix’“~“(t)lBX’n~~‘)(t)+q(t)f(X[g(t)])=O, 
n is even, p 3 0, (IV) 
has been studied by Kartsatos [S] when fl = 0 and by Grace and Lalli [3] 
for any j?, fi >, 0. 
As far as the authors know, the only reference concerning the equation 
(I) with a(t) = g(t) = t is the work of Kamenev [7]. In [7], Kamenev 
considers 
x(2’*’ + a(t) f(x) g(x’2” 1’) = 0, n3 1, W) 
where a is locally integrable and nonnegative for t 3 t,, and g(z) is 
continuous on (- a, cc) and positive. Since conditions imposed on f by 
Kamenev are different, than those of ours, we will not make any 
comparison between the respective results. 
2. MAIN RESULTS 
Consider the nth order nonlinear differential equation 
x’“‘(t)+q(t)f(x[g(t)])h(x’“-‘)[@)])=O, n even, (1) 
where g, q, Q: [to, co) -+ R = ( - co, co), f, h: R + R are continous, q(t) > 0 
and not identically zero on any ray of the form [t*, cc) for some t* > t,, 
g(t)-+o0,a(t)+rcj ast-+cc,andh(u)>Oforu#O. 
We assume that 
xfb) > 0, for x # 0 and f possesses on (0, co) and (- GO, 0) (2) 
the exponential properties namely, 
f(v) 2 w-(x) f(Y) and -f(-v)>&-f(X)f(Y), 
respectively, where K is a positive constant. 
Without further mention, we assume throughout that every solution x(t) 
of Eq. (1) is continuable to the right and is nontrivial, i.e., x(t) is defined on 
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some ray [T,, co) and Sup{lx(t)l:t>,T}>O for every T>,T,. Such a 
solution is called oscillatory if its set of zeros is unbounded above and non- 
oscillatory otherwise. 
We will have an occasion to use the following two lemmas given in [ 131. 
LEMMA 1. Let u he u positive and n-times differentiable function on an 
interval [to, a). If d"' is qf constant sign and not identically zero on any 
interval of the form [t, , xj) for some t, > t,, then there exist t, > t, and an 
integer I with n + 1 even for u”” > 0 or n + I odd for u(“’ < 0 and such that 
l>Oimpliesu’“‘(t)>O, foreveryt>t,(k=O,l,...,l-1) 
and 
ldn-1 implies(-l)‘+ku(k)(t)>O, foreveryt>t,(k=l,l+l,..., n-l). 
LEMMA 2. If the,function u is as in Lemma 1 and 
uO1 l’(t) u’“‘(t)<O, for every t > t,, 
then for every i., 0 < j” < 1, we have 
u[E,t]>(2’ ~“/(n- l)!)[$- 13.-i/]” ’ tnP’IzF’)(t)l, for all large t. 
Moreover, tf u is increasing, then 
u[t] 3 u[t/2] 3 (2’ ‘“/(n - l)!) t” ‘IzP “(t)l, .for all large t. 
Our main results are as follows: 
THEOREM 1. Let condition (2) hold and assume that 
.f ‘(x) 3 0 and (f(x) h(x))’ 3 0, for x#O (‘=d/dx); (3) 
o(t) < i;[ {s, g(s)), for t 2 t,; (4) 
,fh is strongly sublinear, i.e., 
s 
du/f(u) h(u) < 00 and .r 
du/f(u) h(u) < co. (5) 
+o -0 
I 
-7. 
q(s) f(cF ‘(s)) ds = cg, (6) 
then every solution of Eq. (1) is oscillatory. 
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Proof. Let x(t) be a nonoscillatory solution of Eq. ( 1 ), say x(t) > 0 for 
t3 t, 3 t,. Then there exists t,>t, such that x[o(t)] >O for t>t2. 
By Lemma 1, there exists a t, >, t, such that 
i(t) > 0 and x’- “(1) > 0, for every t 3 t,. (7) 
Next, applying Lemma 2 for u = x, we derive that there exists a t, > t, such 
that 
x(t) 3 (2 * 2”/(@ - 1 )!) 1’1~ ‘xoI I’(f), for t3 t,. 
Consequently, since a(t) -+ US as t -+ co, there exists a t, 2 t, such that 
XCdf)l> (2 * 2’1/(n - l)!) on ‘(t) X”’ “[O(f)], for all t>t,. (8) 
From conditions (3) (4) and the fact that x is increasing on [t3, W) we 
have 
f(xCg(t)])b,f(x[~(t)])~f((2’~‘“/(n- l)!)a’l-l(t)x’“- ‘)[cr(t)]), 
for all t > t, (9) 
Thus Eq. (1) becomes 
x’“‘(t)+q(t),f((2*~~‘1/(n-1)!)d~’(t)X(’1 “[o(t)])h(x’“~“[a(t)])dO, 
for all t > t,. 
Now, using condition (2) we get 
X’“‘(t)+K2f(22-*“/(n-l)!)q(t)f(a”-’(t)f(x’”-”[a(t)])h(x’“-”[~(t)]) 
6 0, for every t 3 t, (10) 
By conditions (3) (4) and the fact that X@ ” is non increasing on 
[t3, co) we have 
X’“‘(t)+cq(t)f(a”~‘(t))f(x’“~“(t))h(.u’”~”(t))~0, 
for every t > t,, (11) 
where c=K2f(22p2”/(n-1)!). Now, if we let u(t)=x(“-l’(t), then (11) 
reduces to 
qf) + q(t) fta “-‘(1)) f(u(t))h(u(t))<0, for t>t,. (121 
Then, by integrating (12) from t, to t we obtain 
a contradiction to condition (6). 
58 GRACEANDLALLI 
If x(t) < 0 for t 2 t, 2 t, then the transformation y = - x transforms 
Eq. (1) to 
y”*)(f) + q(t)f*(yCg(t)l) h*(P “[a(t)]) = 0, n even, (1)’ 
wheref*(y)= -f(-4’) and h*(-y,)=h(-y,). Thus the above argument 
can be repeated on the positive solutions y(t) of Eq. (1’); this in turn yields 
the required results for negative solutions of Eq. (1). 
COROLLARY 1. Let conditions (3) und (5) in Theorem 1 be replaced by 
the condition 
f'(u) 3 0 and f(u) h(u)/u” >, y > 0, for u #O, (13) 
where c( is the ratio of two positive odd integers with 0 < c( < 1. Then every 
solution of Eq. (1) is oscillatory. 
Proof. The proof is similar to that of Theorem 1 and hence is omitted. 
The following examples are illustrative: 
EXAMPLE 1. The differential equation 
,~‘~‘(t)+(15/16)(3/8))~‘~ t-*~““(t)(x’~‘(t))*‘~=O, tar,>o, (14) 
has the nonoscillatory solution x(t) = J’;. Only condition (5) of Theorem 1 
and Condition ( 13) of Corollary 1 are violated. 
EXAMPLE 2. Consider the differential equation 
x(“)(t) + t-“‘3~‘i3[t/2](~(“- ‘)[t/2])2’5 exp(sin x(+ ‘)[t/2]) = 0, 
t 2 t, > 0, (15) 
where n is even. All the conditions of Corollary 1 are satisfied and hence all 
solutions of Eq. (15) are oscillatory. 
In the following two theorems we replace condition (4) by 
(i) .,>,r 
a(r) < inf {s, g(s)}, for t 3 t, or 
(ii) o(t) d g(t) < t, for t > 1,. 
(16) 
THEOREM 2. Let conditions (2), (3), (16) hold. If every bounded solution 
of the first order delay equation 
ti(t)+cq(t)f(a”-’ (t))f(uCa(t)l)h(uCa(t)l)=O (17) 
is oscillatory, or if every nonoscillatory solution u(t) of Eq. (17) satisfies 
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lim I - z u(t) # 0, with c = K*f(2*- *“/(n - l)!), where K is us in condition (2), 
then every solution of Eq. (1) is oscillatory. 
Proof Let x(t) be a nonoscillatory solution of Eq. (1). Assume that 
x(t) > 0 for t 2 t, 2 t,. As in the proof of Theorem 1, we obtain 
f~~Cs~t)l)~f~~C~~t)l)~~2f~~2~2n/(n-l)!)f(~n~1(t))f(x’“~‘~[~(t)]), 
for t> t,. 
Let u(t)=x+I) (t) for t > t,. Then 
-x’“‘(t)= -a(t)=q(t)f(x[g(t)])h(x’“~“[a(t)]) 
2 K2f(22p2”/(n- l)!)q(t)f(a”m~‘(t))f(x’“~“[a(t)]) 
x /2(x’“-“[o(t)]). 
Thus, by integration and using the fact that u is positive and is a decreasing 
function on [t,, co) we have 
It is easy to check that the hypothesis of Theorem 1 in [ 111 are satisfied 
and hence we conclude that Eq. (17) has a positive solution u(t) and 
u(t) + 0 as t + cc, a contradiction and thus the proof is complete. 
THEOREM 3. Let conditions (2) and (16) hold, and suppose that 
f’(x) 2 0 and f(x)h(x)>fl>O for x#O. 
x “’ (18) 
If every bounded solution of the first order linear delay equation 
ti(t)+flK*f(2*~*“/(n- l)!)q(t) f(a”-‘(t)) u[a(t)] =0 (19) 
is oscillatory or if every nonoscillatory solution u(t) of Eq. (19) satisfies 
lim,, ‘Jc u(t) # 0, where K is as in condition (2), then every solution of Eq. (1) 
is oscillatory. 
Proof The proof is similar to that of Theorem 1 and is omitted. 
From Theorem 3 we deduce the following two corollaries: 
COROLLARY 2. Let conditions (2), ( 16) and ( 18) hold. Zf 
’ lim sup s q(s)f(o”-’ (s))ds> l/j?K2f(22-2n/(n- l)!) (20) f - +x g(t) 
and a(t) is non decreasing, then every solution of Eq. (1) is oscillatory. 
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COROLLARY 3. Let conditions (2), (16) and (18) hold. If 
’ lim inf 
s 
q(s)f’(a” ‘(s)) ds > l/e/X~(2’ “‘/(n - l)!) (21) r-x O(f) 
then every solution of Eq. (1) is oscillatory. 
Proqfs qf Corollaries 2 and 3. Consider the differential equation 
i(f) + Q(t) Z[a(t)l =O, (22) 
where Q is a nonnegative continuous function on [t,, x ) and (T is con- 
tinuous on [to, co) with 
a(t) < f, for t >, to and lim a(r) = x. , - -* 
It is known (cf. [12]) that the condition 
lim sup 
i :i,, Q(s) ds > 1 1+x 
is sufficient for all solutions of Eq. (22) to be oscillatory. 
Also (cf. [9]) the condition 
’ lim inf 
r-r, s rr,r, Q(J) dy > l/e 
ensures the oscillation of all solutions of Eq. (22). 
Now, conditions (20) and (21) imply that 
lim sup 
s 
’ ~K’f(22~2”/(n-1)!)q(s)f(~“~‘(s))ds>1 
1-r 40 
and 
’ lim inf 
s PKZf(22p2”/(n- l)!)q(~)f(a”~‘(s))ds> l/e, r-J a(r) 
respectively, where K is as in condition (2). Thus, under condition (20), all 
solutions of Eq. (19) are oscillatory, and so assumptions of Theorem 3 are 
satisfied. Also condition (21) is sufficient for all solutions of Eq. (19) to be 
oscillatory. Hence, Corollaries 2 and 3 follow from Theorem 3. 
In the following examples it is shown that none of the assumptions can 
be removed without damage. 
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EXAMPLE 3. The differential equation 
xt4’(t)+ (20/3) t~‘~~(f- 271) ‘j6(f- 37~)~ x”‘[t - 2n](xc3’[t- 37~1)~ =O, 
t3 t,> 3n, (23) 
has the nonoscillatory solution x(t) = j’;. Only condition (18) is violated. 
On the other hand, every solution of the differential equation 
I’m’+ (20/3) t ‘~*(t-27t-“6(t-37r)5X~~3[f-37c]=0, 
22 t,> 371, (24) 
is oscillatory by Corollary 1. Also, all solutions of the differential equation 
.d4’(t)+ (20/3) t “2(t-27t-‘~6(f-37r)5x’~3[t-27r](x(3’[f-33X])~=0, 
lb t,> 371, (25) 
are oscillatory by Corollary 1 for y = 2/5 and by Corollary 2 for y = 2/3. 
Thus, we conclude that results of this paper are not extendable to 
superlinear differential equations, i.e., when the function fh satisfies either 
+CC du 
f(u) h(u) < cc 
and 
~ 1 du 
.f(u) h(u) < * 
or 
f(u) h(u) 
llg 3B>O, 
for u#O, 
where GI is the ratio of two positive odd integers with c1> 1. 
EXAMPLE 4. The differential equation 
~‘~‘(t)+(3/8)~~~(15/16)t~‘~~(t-2n)~”’~(t-3~)~’”-“‘~x~[t-2~] 
x (x”‘[t-3n])‘-“=o, t3 t,> 3n, (26) 
where c1 is the ratio of two positive odd integers, 0 <o! d 1, has the non- 
oscillatory solution x(t) = ,/‘;. Only condition (20) of Corollary 2 and 
condition (21) of Corollary 3 are violated. 
EXAMPLE 5. The differential equation 
x’“‘(t)+~‘~~[r-2~~](x(~)[t-5~/2])~’~=0, t> t,> 277, (27) 
has the oscillatory solution x(t) = sin t. All conditions of Corollaries 2 and 
3 are satisfied. 
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EXAMPLE 6. The retarded differential equation 
x(3~~(t)+11-nx*‘3[t-7c](X(“-‘)[t-27c])*’3=0, 
the advanced equation 
Xyt)+ t1-nX”3[t+71](X(n- ‘)[f-27c])2’3 =o, 
and the mixed type differential equation 
X13n) + tl - nxli3 [t+sin t](~‘“-~)[t-271])*~~=0, 
are oscillatory by Corollaries 2 and 3. 
n even, t > t, 2 37c, 
(28) 
n even, t B t, > 37 
(29) 
n even, t 3 t, 3 3n, 
(30) 
Remarks. 1. If h = 1 or h(x) >cr > 0 for x #O, then Theorem 1 and 
Theorem 1 in [4] are the same. 
2. The “size” of the damping term h can change the behaviour of 
Eq. (1) from one which is strongly sublinear to either linear or strongly 
superlinear. We notice in Example 3, that a damping as in Eq. (23) can 
destroy the oscillatory character of the undamped Eq. (24). 
3. We note that the retarded argument (T in h plays an important 
role, and we place no restriction on the function g. 
3. FORCED EQUATION 
The following results are concerned with the oscillatory and asymptotic 
behaviour of the solutions of the forced equation 
x’“‘(t)+q(t)f(x[a(t)])h(x’“~“[o(t)])=e(t), n even, (31) 
where g, q, f, h are as in Eq. (1) and e: [to, cc ) -+ R is continuous and 
oscillatory. 
THEOREM 4. Let condition (2) hold, and assume that 
h( -x) B h(x) > 0, h’(x) 2 0, and, f’(x)>0 for x#O; (32) 
and that there exists a function q E C” [[to, oo), R] such that q is oscillatory, 
r’“‘(t)=e(t) on [to, a), ~‘“~‘)(t)+0, andq(t)/t”-l-+0 as t+a3. Zf 
’ lim sup 
I 
q(s) f (a" ~ I(s)) ds = co, (33) 
r-x 4 
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then every solution x of Eq. (31) is either oscillatory or xCnp “(t) -+ 0 as 
t-+aC;. 
Proof Let x(t) be a nonoscillatory solution of Eq. (31), say x(t) > 0 for 
t3t,3to>,0. Let x(t)=y(t)+q(t), tE[t,,,m). It follows that thereexists 
a t,>, r1 such that y[a(t)] f q[a(t)] > 0 for all t 2 t,. Thus, 
p’“‘(t)= -q(t)f‘(x[c~(t)])h(x’~~“[a(t)]), for t> t,. (34) 
Consequently, all the derivatives of y(t) up to the order n - 1 are monotone 
and one-signed for all sufficiently large t. If y(t) < 0 for t 3 t,, then 
x(t) < v(t) for t >/ t,, which shows that x(t) takes on negative values for 
arbitrary large t. But this contradicts the assumption that x(t) > 0 for t > t, 
and hence we must have y(t) > 0 for t b t, . Thus for sufficiently large t, 
y(t) y’“‘(t) < 0 and by Lemma 1, there exists a t, > t, such that 
y(t) > 0 and y”’ ‘j(t) >O, for all t 3 t,. (35) 
Next, if we apply Lemma 2 to u = y,we derive that there exists a t4 2 t, 
such that 
y(t) 3 (2*-*“/(n - l)!) tn. ‘y(” - ‘j(t), for all t >, t,. 
Since g(t) -+ a3 as t -+ a, there exists a t, B t, such that 
y[a(t)] >(2*-*“/(n- l)!) o”--‘(t) y’“-“[a(t)], for every t 3 t,. (36) 
In view of conditions (2) and (32), Eq. (34) becomes 
y”(t)+K*f(2’ *Il/(n- l)!)q(t)f(dp’(t)) 
( 
(n - 1v sC4t)l Xf y(“- “[a(t)] +-- 
2* -*I2 C-J- l(t) > 
x h( y’” ‘To(t)] + Yp “[o(t)]) < 0, for t2 t,. (37) 
Hence, if we set w = y’“- i)(t) we obtain 
w(r) + Cq(t) f(a”- ’ (t))f w[u(t)]+(nT1)!‘l[a(t)l 
( F2” CT”- ‘(t) > 
~h(w[a(t)]+r]‘“~“[o(t)])<O, for t>t,, (38) 
where C=K2f(22P2”/(nl)!). Since k(t)<0 on [t5, co) we have 
lb, a w(t) = y, where y is a constant. If y < 0, then we get a contradiction 
to (35). For y > 0 we note that 
[ 
wCg(t)l + (n - l)! vCg(f)l 
vgnlo I 
my 
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and 
t-~M~)l + 6 “Mf)ll -+ “J as t+co. 
Thus, there exists a t, 3 t, such that 
[ 
wCg(t)l + (n - 1 I! &At)1 
yETgnl(t) byI2 1 
and 
lIds( + #‘I “Mf)ll 3 Y/T for t2 t,. 
By condition (32) we have 
k(t)+cdt)f(g” ‘(t))fW)h(y/2)60, for all t > t,. (39) 
Integrating (39) from t, to t we obtain 
Cf(YP) M-Y/2) j-’ q(s)fW- ‘b)) ds d dt,) - w(t) < dt,) < cc, 
16 
a contradiction to condition (33). This completes the proof of Theorem 4. 
In the following corollary we let h = 1. 
COROLLARY 4. In addition to condition (2) let 
f’(x) 3 0, for x#O, 
and suppose that there exists a function q E Cn[ [to. co), R] such that q is 
oscillatory, v]‘“)(t) = e(t) on [to, co), and q(t)/t”-’ + 0 as t -+ co. If condition 
(33) holds, then every solution x of Eq. (3 1) is either oscillatory or 
lim,,, [x(np”(t)-qcn “(t)J=O. 
ProoJ The proof is similar to that of Theorem 4 and is omitted. 
Remark. We do not stipulate that the functions f and h in Eq. (31) 
satisfy conditions of the form 
s 
* Ix, du du 
f(u) h(u)< * Or s *of(u) h(u) < O3 
or that j7r is almost linear. Thus our Theorem 4 holds for strongly 
superlinear, and linear equations. We also impose no restriction on 
the function G and hence Theorem 4 is applicable to ordinary, retarded, 
advanced, and mixed type equations. 
The following example is illustrative: 
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EXAMPLE 7. Consider the differential equation 
x(“)(t)+c”‘+‘(t) lx[cr(t)]l” Ix’” “[f~(t)]l~sgnx[o(t)] =e ‘sin t, (40) 
where n is even, c1 and /II are positive constants. The function q in the 
hypotheses of Theorem 4 takes the form v](t) = eP’[cl sin t + c2 cos t] for 
some constants c, and c2. All the conditions of Theorem 4 are satisfied for 
the cases where y = 0, 0 < a(t) 6 t and o(t) -+ m as t -+ a or a(t) = r f sin t, 
or y = CY and o(t) > t for t > 0. Thus every solution x of Eq. (41) is either 
oscillatory or lim, _ T xc” l)(t) = 0. 
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